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SCHUR POLYNOMIALS AND WEIGHTED GRASSMANNIANS
HIRAKU ABE AND TOMOO MATSUMURA
Abstract. In this paper, we introduce a family of symmetric polynomials by specializ-
ing the factorial Schur polynomials. These polynomials represent the weighted Schubert
classes of the cohomology of the weighted Grassmannian introduced by Corti-Reid, and
we regard these polynomials as analogue of the Schur polynomials. We show that those
twisted Schur polynomials are the characters of certain representations. Thus we give
an interpretation of the Schubert structure constants of the weighted Grassmannians as
the (rational) multiplicities of tensor products of the representations. Furthermore, we
derive two types of determinantal formulas for the weighted Schubert classes, in terms
of special weighted Schubert classes, and also in terms of Chern classes of tautological
orbi-bundles.
1. Introduction
Let P(d) be the set of partitions with at most d rows. For every λ ∈ P(d), the Schur
function sλ(x) is defined as a symmetric polynomial in the variables (x1, · · · , xd). They
form a Z-module basis of the algebra Z[x]Sd of symmetric polynomials in x-variables with
the coefficients in Z. On the other hand, the Grassmannian Gr(d, n) of complex d-planes
in Cn has the distinguished subvarieties, called Schubert varieties, indexed by the set
P(d, n) of all partitions contained in the d×(n−d) rectangle. Their associated cohomology
classes Sλ, λ ∈ P(d, n) form a Z-module basis of the cohomology H
∗(Gr(d, n);Z). The
Schur functions sλ(x) represent the Schubert classes Sλ for the Grassmannian in a sense
that there is a surjective ring homomorphism
Z[x]Sd → H∗(Gr(d, n);Z)(1.1)
which sends sλ(x) to Sλ if λ ∈ P(d, n), or 0 otherwise. It is worth noting that the above
map gives a representation theoretic interpretation to the structure constants with respect
to Schubert classes, as we can regard Z[x]Sd as the representation ring of the general linear
group GLd(C) and the Schur functions sλ(x) correspond to the irreducible representations.
The correspondence (1.1) has been generalized in several situations. For example, the
equivariant Schubert classes for the Grassmannians are represented by the factorial Schur
functions, cf. [12, 11, 7]. This equivariant generalization of (1.1) will be the main tool
in this paper. Other such examples include the (double/quantum) Schubert polynomials
([3, 9]) for the (equivariant/quantum) cohomolgoy of full flag varieties and (factorial) Schur
Q-polynomials ([4, 5, 6]) for (equivariant) cohomology of Lagrangian Grassmannians. One
of the advantages of these correspondences is that we can study the structure constants
by multiplying actual polynomials.
In this paper, we will introduce and study a twisting of the (factorial) Schur polynomials
to generalize the above pictures to the (equivariant) cohomology of the weighted Grass-
mannians introduced by Corti-Reid [2]. Below we summarize only non-equivariant results
of this paper to avoid complexity, although we build the correspondence for the equivari-
ant cohomology of the weighted Grassmannians first and then derive the non-equivariant
one.
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Let w1, w2, · · · be an infinite sequence of non-negative integers and u a positive integer.
Let wGr(d, n) be the weighted Grassmannian introduced in [2]. Its rational cohomol-
ogy has a Q-basis consisting of the weighted Schubert classes wSλ, λ ∈ P(d, n) and the
structure constants of the cohomology ring with respect to this basis are computed in [1].
For each λ ∈ P(d), let sλ(x|a) be the factorial Schur function defined by the for-
mula (2.2) below. We consider the polynomial swλ (x) obtained by specializing sλ(x|a) at
ai = −(wi/u)x∅¯ for all i = 1, 2, . . . , where x∅¯ = x1 + · · · + xd. If w1 = w2 = · · · = 0, this
is nothing but the usual Schur function sλ(x). In Proposition 5.3, we show that those
polynomials swλ (x), λ ∈ P(d) form a Q-basis of Q[x]
Sd and represent the weighted Schur
classes:
Theorem A (Theorem 5.4 below). The map Q[x]Sd → H∗(wGr(d, n);Q) defined by
sending swλ (x) to wSλ if λ ∈ P(d, n) and 0 if otherwise, is a surjective ring homomorphism.
Furthermore we prove the following from the definition of swλ (x).
Theorem B (Theorem 6.1 below). Suppose that u = 1. For any partition λ ∈ P(d),
we have swλ (x) ∈ Z[x]
Sd . Moreover, there exists a representation V λw of GLd(C) such that
swλ (x) is the character ch(V
λ
w ) of V
λ
w .
This theorem allows us to interpret the weighted Schubert structure constants in terms
of representations. Suppose that u = 1 and the weights are non-increasing, i.e. w1 ≥
w2 ≥ · · · . Then, for each λ, µ, ν ∈ P(d), there exist non-negative integers mλµ ∈ Z≥1 and
mνλµ ∈ Z≥0 such that
(V λw ⊗ V
µ
w )
⊕mλµ =
⊕
ν∈P(d)
(V νw )
⊕mν
λµ as representations of GLd(C).
By Theorem A and Theorem B we see that
wSλ · wSµ =
∑
ν∈P(d,n)
(mλµ
mνλµ
)
wSν .
Therefore, we can think of the structure constants
mλµ
mν
λµ
as rational multiplicities of V νw in
the tensor product V λw ⊗ V
µ
w .
To prove Theorem A, we first obtain its equivariant analogue (Proposition 3.4). This
also provides an algebraic proof of two deteminantal formulas for the weighted Schubert
classes wSλ: one is in terms of special weighted Schubert classes, and the other is in terms
of the Chern classes of the tautological orbifold vector bundles. Let (k) ∈ P(d) be the
one row partition with k boxes. Let Sw →֒ Ew ։ Qw be the sequence of the tautological
orbifold vector bundles over the weighted Grassmannian defined in Section 7. We show
Theorem C (Theorem 7.1 and 7.2 below) For each λ ∈ P(d, n),
wSλ = det
[
λi−i+j∑
k=0
(
c1(Sw)/u
)k
hk(wλi−i+d+1, . . . , wn)cλi−i+j−k(Qw)
]
1≤i≤j≤d
= det
[
j−1∑
r=0
hr(wλi−i+1+d, · · · , wλi−i+j−r+d)
(
wS(1)
−w∅¯
)r
wS(λi−i+j−r)
]
1≤i,j≤d
where w∅¯ = w1 + · · ·+ wd + u.
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These two formulas coincide in the case of ordinary Grassmannians since the special
Schubert classes are the Chern classes of the dual of the tautological bundle of Grassman-
nians. However this is not the case for the weighted Grassmannians. From Theorem C,
it follows that the cohomology of the weighted Grassmannian is generated by the Chern
classes of the tautological orbifold bundles. At the end, we give the quotient ring descrip-
tion of the cohomology with generators corresponding to the those Chern classes and their
relations.
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2. Preliminary
Let d and n be positive integers with d < n. Let Mn,d(C)
∗ be the space of n × d
complex matrices of rank d. The general linear group GLd(C) and GLn(C) naturally acts
on Mn,d(C)
∗ by the right and left multiplications respectively. Let
aPl×(d, n) := Mn,d(C)
∗/SLd(C)
There is the residual action of Det := GLd(C)/SLd(C) on aPl
×(d, n) from right since
SLd(C) is a normal subgroup of GLd(C). We identify Det with C
× by the determinant
map. Let T := (C×)n be the diagonal torus in GLn(C) embedded in a standard way. We
consider the action of the (n+ 1)-torus K := T×Det on aPl×(d, n).
Definition 2.1 (Corti-Reid [2]). Let w1, · · · , wn be non-negative integers and u a positive
integer. Let Dw := C
× and consider the map
ρw : Dw → K; t 7→ (t
wn , · · · , tw1 ; tu).
The weighted Grassmannian is the quotient variety wGr(d, n) := aPl×(d, n)/Dw with
the residual action of Tw := K/Dw. It is a projective variety with at worst orbifold
singularities. The ordinary Grassmannian Gr(d, n) is obtained by setting w1 = · · · =
wn = 0 and u = 1 in the above definition. In this case, we can identify Dw and Tw with
Det and T respectively. Note that the weights {wi} has the reversed order, compared
with the one in [2] and [1].
It was shown in [1] that there are the following ring isomorphisms among the rational
equivariant cohomologies,
(2.1) H∗
T
(Gr(d, n))
f∗ // H∗
K
(aPl×(d, n)) H∗
Tw
(wGr(d, n))
f∗woo
where f∗ and f∗w are the pullback of the following natural maps between Borel constructions
ET×T Gr(d, n) EK×K aPl
×(d, n)
foo fw // ETw ×Tw wGr(d, n).
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The isomorphisms f∗ and f∗w are actually the isomorphisms of algebras over H
∗(BT) and
H∗(BTw) respectively. All the cohomologies treated in this paper are rational coefficient
singular cohomology.
Let P(d, n) be the set of all partitions λ = (λ1 ≥ · · · ≥ λd) that fit inside of the d×(n−d)
rectangle. For each λ ∈ P(d, n), there is a K-invariant subvariety aΩλ in aPl
×(d, n)
which coincides with the pullback of the usual Schubert variety Ωλ in Gr(d, n) by the
quotient map aPl×(d, n)→ Gr(d, n). We call the associated equivariant cohomology class
a˜Sλ := [aΩλ]K ∈ H
∗
K
(aPl×(d, n)) the K-equivariant Schubert class. This class coincides
with the pullback of the usual T-equivariant Schubert class S˜λ := [Ωλ]T ∈ H
∗
T
(Gr(d, n))
along f. Let w˜Sλ ∈ H
∗
Tw
(wGr(d, n)) be the image of a˜Sλ under the inverse of f
∗
w. It is
shown in [1] that w˜Sλ, λ ∈ P(d, n) form a basis of H
∗
Tw
(wGr(d, n)) as an H∗(BTw)-module.
Definition 2.2. Let al, l ∈ N and xi, i = 1, · · · , d be indeterminates. Let Q[a] be the
ring of polynomials in a’s and Q[x]Sd the ring of symmetric polynomials in x’s. Let
Q[a][x]Sd := Q[a]⊗Q Q[x]
Sd . Let P(d) be the set of partitions with at most d rows. For
each λ = (λ1, . . . , λd) ∈ P(d), let
λ¯i := λi + (d+ 1− i), i = 1, . . . , d
so that the sequence (λ¯1, · · · , λ¯d) is strictly decreasing. The factorial Schur polynomial
sλ(x|a) is defined as follows [10]:
(2.2) sλ(x|a) =
det
[∏λ¯i−1
p=1 (xj − ap)
]
1≤i,j≤d∏
1≤i<j≤d(xi − xj)
.
It is well-known that {sλ(x|a), λ ∈ P(d)} is a basis of Q[a][x]
Sd as a Q[a]-module.
Let {y1, . . . , yn} be the standard basis of the integral lattice Lie(T)
∗
Z. Let
bi = −yn+1−i, i = 1, . . . , n.
We identifyH∗(BT) withQ[b1, . . . , bn] as usual. Consider the projection Q[a]→ Q[b1, . . . , bn]
by sending ai to bi if i = 1, . . . , n and 0 otherwise. This way we regard H
∗
T
(Gr(d, n)) as a
Q[a]-module. Then the following is well-known.
Theorem 2.3 ([12, 11, 7]). There is a surjective morphism of algebras over Q[a]
Φ : Q[a][x]Sd → H∗T(Gr(d, n))
that sends sλ(x|a) to S˜λ if λ ∈ P(d, n), and 0 if otherwise.
By composing with the isomorphisms in (2.1), we obtain
Corollary 2.4. There are surjective ring homomorphisms
Φa : Q[a][x]
Sd → H∗K(aPl
×(d, n)) and Φw : Q[a][x]
Sd → H∗Tw(wGr(d, n))
where Φa := f
∗ ◦ Φ and Φw := (f
∗
w)
−1 ◦ Φa. The maps Φa and Φw send sλ(x|a) to a˜Sλ
and w˜Sλ respectively if λ ∈ P(d, n), and 0 if otherwise.
3. Twisting the module structure
In this section, we will regard Q[a][x]Sd as an algebra over a certain polynomial ring in
order to regard Φw as a homomorphism of rings over the polynomial ring.
Let {z} be the standard basis of Lie(Det)∗Z and {γ} is the standard basis of Lie(Dw)
∗
Z.
The induced map ρ∗w : Lie(K)
∗
Q → Lie(Dw)
∗
Q is given by bi 7→ −wiγ and z 7→ uγ, where
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Lie(K)∗Q = Lie(K)
∗
Z ⊗Z Q and Lie(Dw)
∗
Q = Lie(Dw)
∗
Z ⊗Z Q. We identify the kernel of ρ
∗
w
with Lie(Tw)
∗
Q. Let
(3.1) bwi := bi + (wi/u)z, i = 1, . . . , n,
then {bw1 , . . . , b
w
n } is a basis of Lie(Tw)
∗
Q. Thus we can identifyH
∗(BTw) with Q[b
w
1 , . . . , b
w
n ].
For each λ ∈ P(d, n), let
ελi = n+ 1− λ¯i, ∀i = 1, . . . , d.
Let e1, . . . , en be the standard basis of C
d. Then the T-fixed points of Gr(d, n) are the
images pλ of the matrices Eλ := [eελ1
· · · eελ
d
] ∈ Matn,d(C)
∗, λ ∈ P(d, n). The Tw-fixed
points in wGr(d, n) are also given by the images of the matrices Eλ in the quotient and
denoted by pwλ . The SLd(C)-orbit of Eλ in aPl
×(d, n) is denoted by Fλ.
Remark 3.1. In [7, 1], ελi is denoted by λi and regarded as the location of 1’s in 01
strings. For example, for the maximum partition λ = ((n − d)d) ∈ P(d, n), we have
λ¯ = (n, n− 1, . . . , n− d+1) and ελ = (1, 2, . . . , d). For the empty partition ∅ = (0, . . . , 0),
we have ∅¯ = (d, d− 1, . . . , 1) and ε∅ = (n+ 1− d, . . . , n− 1, n).
We extend the diagram (2.1) with the restrictions to fixed points. There is a commu-
tative diagram of pullback maps
(3.2) H∗
T
(Gr(d, n))
f
∗

// H∗
T
(pλ) = Q[b1, · · · , bn]

H∗
K
(aPl×(d, n)) // H∗
K
(Fλ) = Q[b1, · · · , bn, z]/(−bλ¯ + z)
H∗
Tw
(wGr(d, n)) //
f∗w
OO
H∗
Tw
(pwλ ) = Q[b
w
1 , ..., b
w
n ]
OO
where we denote
bλ¯ := bλ¯1 + · · ·+ bλ¯d .
The stabilizer Kλ of points of Fλ is the kernel of the homomorphism
K → C×; (t1, · · · , tn, s) 7→ s · tελ1
· · · tελ
d
.
Therefore, since H∗
K
(Fλ) = H
∗(BKλ), we can identify H
∗
K
(Fλ) = Q[b1, · · · , bn, z]/(−bλ¯+z)
as in (3.2). The vertical maps on the right are also isomorphisms of rings since the kernel
of the composition Kλ → K→ Tw is finite for arbitrary weights w’s and u.
Lemma 3.2. Under the isomorphism f∗ : H∗
T
(Gr(d, n))→ H∗
K
(aPl×(d, n)), the preimage
of z = z · 1 is given by
(f∗)−1(z) = S˜(1) + b∅¯
where (1) is the partition (1, 0, · · · , 0).
Proof. If we restrict S˜(1) ∈ H
∗
T
(Gr(d, n)) to pλ, we have S˜(1)|λ = bλ¯ − b∅¯ by Lemma 3 [7].
Therefore, if we restrict a˜S(1) ∈ H
∗
K
(aPl×(d, n)) to Fλ, then we have a˜S(1)|λ = bλ¯ − b∅¯ =
−b∅¯ + z by the commutative diagram (3.2). Thus (f
∗)−1(z) = S˜(1) + b∅¯. 
By definition, we have s(1)(x|a) = x∅¯− a∅¯. Therefore we have Φa(x∅¯) = a˜S(1) + b∅¯ = z.
The Q[a]-algebra Q[a][x]Sd has also a Q[x∅¯, a1, a2, . . . ]-algebra structure by the obvious
multiplication. This extension of the coefficient ring makes Φa a module homomorphism
as follows.
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Corollary 3.3. The map
Φa : Q[a][x]
Sd → H∗K(aPl
×(d, n))
is a homomorphism of algebras over Q[x∅¯, a1, a2, . . . ] with respect to
Q[x∅¯, a1, a2, . . . ]→ Q[z, b1, . . . , bn]; x∅¯ 7→ z, and al 7→
{
bl 1 ≤ l ≤ n
0 n < l
.
Now we would like to find a subring of Q[x∅¯, a1, a2, . . . ] that corresponds to Q[b
w
1 , . . . , b
w
n ]
under Φw. Choose an infinite sequence of non-negative integers wl, l ∈ N where w1, . . . , wn
are the ones chosen to define the weighted Grassmannian. Let
(3.3) awl := al + (wl/u)x∅¯, l ∈ N.
Then apparently {awl , l ∈ N} is a set of algebraically independent variables so that
Q[aw] := Q[aw1 , a
w
2 , · · · ] is a polynomial ring. Furthermore it is easy to see that there
is a canonical identification as rings Q[a][x]Sd ∼= Q[aw] ⊗Q Q[x]
Sd =: Q[aw][x]Sd via
xi 7→ xi and al 7→ a
w
l − (wl/u)x∅¯. From the above corollary, we arrive at
Proposition 3.4. The surjection
Φw : Q[a
w][x]Sd → H∗Tw(wGr(d, n))
is a homomorphism of algebras over Q[aw] with respect to
Q[aw]→ Q[bw1 , . . . , b
w
n ]; a
w
l 7→
{
bwl 1 ≤ l ≤ n
0 n < l.
Remark 3.5. The set {sλ(x|a), λ ∈ P(d)} of the factorial Schur functions is also a basis
of Q[aw][x]Sd as a Q[aw]-module. Indeed, any non-trivial Q[aw]-linear relation among
sλ(x|a)’s will give a non-trivial Q[b
w]-linear relation among w˜Sλ’s for sufficiently large n.
Therefore, the claim follows from the Q[bw]-linear independency for w˜Sλ’s. It should also
be noted that Proposition 3.4 and Corollary 2.4 imply that the corresponding structure
constants of Q[aw][x]Sd (over Q[aw]) give the structure constants of H∗
Tw
(wGr(d, n)) in
terms of the equivariant Schubert classes w˜Sλ’s.
Remark 3.6. Let [M ] ∈ Gr(d, n) = M∗n,d(C)/GLn(C) and denote the subspace of C
n
spanned by the columns of M by 〈M〉. The tautological vector bundle is defined by
S = {([M ], v) | [M ] ∈ Gr(d, n), v ∈ 〈M〉} ⊂ Gr(d, n) × Cn and the action of T is defined
by t · ([M ], v) = ([t ·M ], t · v) where t ∈ T is regarded as a diagonal matrix in GLn(C).
The element Φ(x∅¯) = (f
∗)−1z in H∗
T
(Gr(d, n)) is −cT1 (S) where c
T
1 (S) is the equivariant
first Chern class.
4. Vanishing Lemma and Restriction to Fixed Points
In this section, we obtain the formula for the restriction of the factorial Schur functions
and equivariant Schubert classes to the fixed points in the weighted case. Let swλ (x|a
w)
be the image of sλ(x|a) under the identification Q[a][x]
Sd ∼= Q[aw][x]Sd defined by ai =
awi − (wi/u)x∅¯, i.e.
swλ (x|a
w) := sλ(x|a
w
1 − (w1/u)x∅¯, a
w
2 − (w2/u)x∅¯, . . . ).
For each µ ∈ P(d), let
awµ¯ := a
w
µ¯1 + · · ·+ a
w
µ¯d
, wµ¯ := wµ¯1 + · · · + wµ¯d + u.
SCHUR POLYNOMIALS AND WEIGHTED GRASSMANNIANS 7
Consider the evaluation map ψwµ : Q[a
w][x]Sd → Q[aw] defined by the substition
xi 7→ a
w
µ¯i − (wµ¯i/wµ¯) · a
w
µ¯ for all i = 1, · · · , d.
Lemma 4.1. Fix µ ∈ P(d). Let cwl := a
w
l − (wl/wµ¯)a
w
µ¯ for each l ∈ N, then
ψwµ (s
w
λ (x|a
w)) = sλ(c
w
µ¯1 , . . . , c
w
µ¯d
|cw1 , c
w
2 , . . . ).
Proof. By a direct computation, we see that ψwµ (x∅¯) = (u/wµ¯)a
w
µ¯ . Therefore
ψwµ (s
w
λ (x|a
w)) = ψwµ (sλ(x|a
w
1 − (w1/u)x∅¯, a
w
2 − (w2/u)x∅¯, . . . ))
= sλ(c
w
µ¯1 , . . . , c
w
µ¯d
|cw1 , c
w
2 , . . . ).

Let [λ]− := {ρ ∈ P(d) | ρ ⊂ λ, |ρ ∩ λ| = d − 1}. The following proposition is the
generalization of the Vanishing Theorem [11, 12].
Proposition 4.2. For each λ, µ ∈ P(d), we have
ψwµ (s
w
λ (x|a
w)) =
{
0 if λ 6⊂ µ∏
ρ∈[λ]−
(
(wρ¯/wλ¯)a
w
λ¯
− awρ¯
)
if λ = µ.
Proof. In [11, 12], it is shown that
sλ(aµ¯|a) =
{
0 if λ 6⊂ µ∏
ρ∈[λ]−
(aλ¯ − aρ¯) if λ = µ.
From this and Lemma 4.1, the first part of the case is obvious. The second claim follows
from the following computation. Suppose λ = µ. We compute
cwλ¯ = c
w
λ¯1
+ · · ·+ cwλ¯d = a
w
λ¯ −
wλ¯ − u
wλ¯
awλ¯ =
u
wλ¯
awλ¯
and
cwρ¯ = c
w
ρ¯1 + · · ·+ c
w
ρ¯d
= awρ¯ −
wρ¯ − u
wλ¯
awλ¯ = a
w
ρ¯ −
wρ¯
wλ¯
awλ¯ +
u
wλ¯
awλ¯
Thus
ψwλ (s
w
λ (x|a
w)) = sλ(c
w
λ¯1
, . . . , cwλ¯d |c
w
1 , c
w
2 , . . . ) =
∏
ρ∈[λ]−
(
cwλ¯ − c
w
ρ¯
)
=
∏
ρ∈[λ]−
(
wρ¯
wλ¯
awλ¯ − a
w
ρ¯
)
.

We also have the following generalization of Lemma, Section 6, [7].
Lemma 4.3. For each λ, µ ∈ P(d, n), we have
w˜Sλ|µ = ψ
w
µ (s
w
λ (x|a
w))
∣∣
aw
l
=bw
l
,∀l∈N
.
where bwl := 0 for all l > n.
Proof. In (3.2), the right vertical isomorphisms send bi ∈ Q[b1, . . . , bn] to b
w
i −(wi/wµ¯)b
w
µ¯ ∈
Q[bw1 , . . . , b
w
n ]. We know from Lemma 6 in [7] that
S˜λ|µ = sλ(bµ¯1 , · · · , bµ¯d |b1, . . . , bn, 0, . . . ) ∈ Q[b1, . . . , bn].
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Therefore,
w˜Sλ|µ =
(
S˜λ|µ
)∣∣∣
bi 7→bwi −(wi/wµ¯)b
w
µ¯
= sλ(bµ¯1 , · · · , bµ¯d |b1, . . . , bn, 0, . . . )
∣∣
bi 7→bwi −(wi/wµ¯)b
w
µ¯
= ψwµ (s
w
λ (x|a
w))
∣∣
aw
l
=bw
l
,∀l∈N
,
where the last equality follows from Lemma 4.1. 
5. Twisting Schur polynomials
Recall that, for given non-negative integers wl, l ∈ N and a positive integer u, we
identify Q[a][x]Sd ∼= Q[aw][x]Sd by sending al to a
w
l − (wl/u)x∅¯. The polynomial s
w
λ (x|a
w)
is nothing but the factorial Schur polynomial sλ(x|a) after this parameter change.
Definition 5.1. For each λ ∈ P(d), define
swλ (x) := s
w
λ (x|0) ∈ Q[x]
Sd .
Equivalently, we have swλ (x) = sλ(x| − (w1/u)x∅¯,−(w2/u)x∅¯, . . . ).
Example 5.2. Since s(1)(x|a) = x∅¯−a∅¯, by the substitution a
w
l − (wl/u)x∅¯ = al, we have
sw(1)(x|a
w) = (w∅¯/u)x∅¯ − a
w
∅¯
.
By setting aw = 0, we have
(5.1) sw(1)(x) = (w∅¯/u)x∅¯.
Since s(1,1)(x|a) =
∑
1≤i<j≤d(xi − ai)(xj − aj−1), by the substitution, we have
sw(1,1)(x|a
w) =
∑
1≤i<j≤d
(xi − a
w
i + (wi/u)x∅¯)(xj − a
w
j−1 + (wj−1/u)x∅¯).
By setting aw = 0, we have
sw(1,1)(x) =
∑
1≤i<j≤d
(xi + (wi/u)x∅¯)(xj + (wj−1/u)x∅¯).
Since swλ (x|a
w), λ ∈ P(d) form a basis of Q[aw][x]Sd as a Q[aw]-module, the polynomials
swλ (x), λ ∈ P(d) generate Q[x]
Sd over Q. For each degree part of Q[x]Sd , the numbers of
sλ(x) and s
w
λ (x) of the given degree are the same. So we have the following proposition.
Proposition 5.3. The polynomials swλ (x), λ ∈ P(d) form a basis of Q[x]
Sd .
For each λ ∈ P(d, n), let wSλ be the corresponding weighted Schubert class inH
∗(wGr(d, n)).
It is the image of w˜Sλ under the natural map H
∗
Tw
(wGr(d, n)) → H∗(wGr(d, n)). Propo-
sition 3.4 implies the following theorem.
Theorem 5.4. The map Q[x]Sd → H∗(wGr(d, n)) defined by sending swλ (x) to wSλ if
λ ∈ P(d, n) and 0 if otherwise, is a surjective ring homomorphism.
We conclude this section with the Pieri rule for the twisted Schur functions swλ (x). For
partitions λ, λ′ ∈ P(d), we denote by λ′ → λ the condition that λ′ ⊃ λ and |λ′/λ| = 1
where λ′/λ is the corresponding skew Young diagram and |λ′/λ| is the number of the
boxes in λ′/λ.
Proposition 5.5 (The Pieri rule).
sw(1)(x) · s
w
λ (x) =
w∅¯
wλ¯
∑
λ′→λ
swλ′(x)(5.2)
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Proof. It is well-known (cf. [11, p.4434]) that
s(1)(x|a)sλ(x|a) = (aλ¯ − a∅¯)sλ(x|a) +
∑
λ′→λ
sλ′(x|a).
By substituting ai 7→ −(wi/u)x∅¯, we have
aλ¯ − a∅¯ 7→ (x∅¯/u)(−wλ¯ + w∅¯).
Thus we obtain∑
λ′→λ
swλ′(x) = s
w
(1)(x)s
w
λ (x)−
−wλ¯ + w∅¯
u
x∅¯s
w
λ (x)
= sw(1)(x)s
w
λ (x)−
−wλ¯ + w∅¯
w∅¯
sw(1)(x)s
w
λ (x) =
wλ¯
w∅¯
sw(1)(x)s
w
λ (x).
where the second equality follows from (5.1). This proves the claim. 
6. Representations associated to swλ (x)
In this section, we will see that the twisted Schur function swλ (x) is a character of a
representation of GLd(C) under the assumption that u = 1. It basically follows from [11].
Recall that the character ch(V λ) of the irreducible GLd(C)-representation V
λ with the
highest weight λ = (λ1, . . . , λd) coincides with the Schur function sλ(x). This gives us the
ring isomorphism
ch : R(GLd(C))
∼=
−→ Z[x]Sd(6.1)
where R(GLd(C)) is the polynomial representation ring.
Theorem 6.1. Suppose that u = 1. For each λ ∈ P(d), we have swλ (x) ∈ Z[x]
Sd .
Moreover, there exists a representation V λw of GLd(C) such that ch(V
λ
w ) = s
w
λ (x).
Proof. For each λ ∈ P(d), we can find in [11, p.4433] the expression
(6.2) sλ(x| − a) =
∑
ν⊂λ
g¯λν(a)sν(x)
where
(6.3) g¯λν(a) =
∑
T∈T (λ,ν)
∏
α∈λ
T (α) unbarred
aT (α)+c(α)
and T (λ, ν) is a subset of semi-standard tableaux of shape λ depending on ν. For the
completeness, we recall the definition of T (λ, ν). Consider a sequence of partitions
(6.4) R : ∅ = ρ(0) → ρ(1) → · · · → ρ(l) = ν.
Let ri be the row number of the box that one added to ρ
(i−1) to obtain ρ(i). An element of
T (λ,R) is a semi-standard tableaux T of shape λ with entries in {1, · · · , d}, together with a
sequence of boxes α1, · · · , αl in λ such that the column order of αi are strictly increasing
and T (αi) = ri. These entries T (αi), i = 1, . . . , l are called barred. Let T (λ, ν) :=⊔
R T (λ,R) where the union is taken over all sequence of the form (6.4).
By the definition (6.3), we see that g¯λν(a) is a homogeneous polynomial in a’s of degree
|λ| − |ν| and with positive integral coefficients. By substituting ai 7→ −(wi/u)x∅¯ (assume
u = 1) to the equation (6.2), we obtain
(6.5) swλ (x) = sλ(x|(−w1)x∅¯, (−w2)x∅¯, · · · ) =
∑
ν⊂λ
g¯λν(w)s(1)(x)
|λ|−|ν|sν(x).
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Define Kµν,k ∈ Z≥0 by the equation
s(1)(x)
ksν(x) =
∑
µ∈P(d)
Kµν,ksµ(x), k ∈ Z≥0.
Note that Kµν,k = 0 unless ν ⊂ µ and |µ| = |ν|+ k. From (6.5), we have
swλ (x) =
∑
µ∈P(d)
(∑
ν⊂λ
g¯λν(w)K
µ
ν,|λ|−|ν|
)
sµ(x).
Observe that the coefficient of sµ(x)
mλµ(w) :=
∑
ν⊂λ
g¯λ,ν(w)K
µ
ν,|λ|−|ν|
is a non-negative integer and vanishes unless |µ| = |λ|. Thus swλ (x) ∈ Z[x]
Sd and it is the
character of the representation
V λw :=
⊕
µ∈P(d)
|λ|=|µ|
(V µ)⊕mλµ(w)
where V µ is the irreducible representation of GLd(C) with the highest weight (µ1, · · · , µd).

Remark 6.2. Since swλ (x) is a homogeneous polynomial, the representation V
λ
w is homo-
geneous. That is, there exists a representation Sλw of S|λ| such that
V λw = (C
d)⊗|λ| ⊗C[S|λ|] S
λ
w
as representations of GLd(C) where GLd(C) naturally acts on the first factor in the right-
hand-side.
Example 6.3. Suppose that w1 = 2, w2 = 1, w3 = 0, and u = 1. Then
sw(1)(x) = 4s(1)(x),
sw(2)(x) = 6s(2)(x) + 5s(1,1)(x).
Now we interpret the weighted Schubert structure constants in terms of representations.
Suppose that u = 1 and the weights are non-increasing ; w1 ≥ w2 ≥ · · · . For all N > d,
Corollary 5.6 in [1] shows that, the structure constants with weights (wN, · · · , w1) are
non-negative rational numbers. Therefore, by Theorem 5.4 and Theorem 6.1, we see that,
for each λ, µ, ν ∈ P(d), there exist non-negative integers mλµ ∈ Z≥1 and m
ν
λµ ∈ Z≥0 such
that
(V λw ⊗ V
µ
w )
⊕mλµ =
⊕
ν∈P(d)
(V νw )
⊕mν
λµ as representations of GLd(C).
We can think of the fractions mνλµ/mλµ as rational multiplicity of V
ν
w ’s in the tensor
product of V λw ⊗ V
µ
w and they are nothing but the structure constants of the weighted
Grassmannians.
7. Determinantal Formulas
In this section, we give two determinal formulas for the weighted Schubert classes wSλ.
One is in terms of the special weighted Schubert classes and the other is in terms of the
Chern classes of the tautological bundles. Recall that the weights {wi} has the reversed
order, compared with the one in [2] and [1].
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7.1. Known formulas. Let S →֒ E ։ Q be the sequence of the tautological bundles of
Gr(d, n) where E = Gr(d, n) × Cn is the trivial bundle. Let Fℓ be the subbundle of E
defined by the coordinate plane generated by the last ℓ coordinates. Then∑
r≥0
cTr (F
ℓ − S) =
∏ℓ
i=1(1− bi)∏d
j=1(1− xj)
where x1, . . . ,xd are the T-equivariant Chern roots of the dual of S. The following formula
is well-known (cf. [10, p.17]):
S˜λ = det
[
cTλi−i+j(F
λi−i+d − S)
]
1≤i≤j≤d
.
The equality cTr (F
ℓ − S) =
∑r
k=0 hk(bℓ+1, . . . , bn)c
T
r−k(Q) follows from∑
r≥0
cTr (F
ℓ − S) =
1∏n
i=ℓ+1(1− bi)
∑
r≥0
cTr (E − S) =
1∏n
i=ℓ+1(1− bi)
∑
r≥0
cTr (Q).
Therefore we also have
(7.1) S˜λ = det
[
λi−i+j∑
k=0
hk(bλi−i+d+1, . . . , bn)c
T
λi−i+j−k(Q)
]
1≤i≤j≤d
.
On the other hand, it is shown in [8] that
(7.2) S˜λ = det
[
j−1∑
k=0
hk(bλi−i+1+d, · · · , bλi−i+j−k+d)S˜(λi−i+j−k)
]
1≤i≤j≤d
.
When we specialize the above formulas to bk = 0 for all k ∈ N, we obtain the same deter-
minant formula for the Schubert class in the ordinary cohomology of the Grassmannian.
7.2. Determinantal formulas for the weighted Grassmannian. Let Sa →֒ Ea ։ Qa
be the pullback of the sequence of tautological bundles along aPl×(d, n) → Gr(d, n). By
quotienting the sequence by Dw, we obtain the tautological sequence Sw →֒ Ew ։ Qw of
orbifold vector bundles over wGr(d, n). Under the isomorphisms
H∗
T
(Gr(d, n))
f∗
∼= // H∗
K
(aPl×(d, n)) H∗
Tw
(wGr(d, n)),
f∗w
∼=oo
the equivariant Chern classes of those tautological bundles coincide. As we have seen,
the equivariant Schubert classes also coincide. Therefore, the formulas (7.1, 7.2) hold for
both HK(aPl
×(d, n)) and HTw(wGr(d, n)). In particular, (7.1) gives the following in the
non-equivariant setting.
Theorem 7.1. For each λ ∈ P(d, n),
wSλ = det
[
λi−i+j∑
k=0
(
c1(Sw)/u
)k
hk(wλi−i+d+1, . . . , wn)cλi−i+j−k(Qw)
]
1≤i≤j≤d
.
Proof. From (7.1), we have
w˜Sλ = det
[
λi−i+j∑
k=0
h˜k,i(b
w)cTwλi−i+j−k(Qw)
]
1≤i≤j≤d
where
h˜k,i(b
w) = hk(b
w
λi−i+d+1 + (wλi−i+d+1/u)c
Tw
1 (Sw), . . . , b
w
n + (wn/u)c
Tw
1 (Sw)).
12 HIRAKU ABE AND TOMOO MATSUMURA
Then we have h˜k,i(0) =
(
c1(Sw)/u
)k
hk(wλi−i+d+1, . . . , wn). 
Similarly, by substituting bi 7→ −(wi/w∅¯)wS(1) to (7.2), one obtains the following.
Theorem 7.2. For each λ ∈ P(d, n), we have
wSλ = det
[
j−1∑
k=0
hk(wλi−i+1+d, · · · , wλi−i+j−k+d)
(
wS(1)
−w∅¯
)k
wS(λi−i+j−k)
]
1≤i,j≤d
Example 7.3. Let (d, n) = (2, 4) and λ = (1, 1). Assume u = 1. Then we have
wS(1,1) =
[
c1(Qw) + c1(Sw)h1(w3, w4) c2(Qw) + c1(Sw)h1(w3, w4)c1(Qw) + c1(Sw)2h2(w3, w4)
1 c1(Qw) + c1(Sw)h1(w2, w3, w4)
]
.
If (w1, w2, w3, w4) = (0, 2, 1, 0), then
wS(1,1) = det
[
c1(Qw) + c1(Sw) c2(Qw) + c1(Qw)c1(Sw) + c1(Sw)
2
1 c1(Qw) + 3c1(Sw)
]
.
Example 7.4. Suppose λ = (1, 1) ∈ P(2, 4).
wSλ = det
[
wS(1) wS(2) + h1(w3)
(
−wS(1)/w∅¯
)
wS(1)
1 wS(1) + h1(w2)
(
−wS(1)/w∅¯
) ] .
For (w1, w2, w3, w4) = (0, 2, 1, 0) and u = 1, we have
wS(1,1) = det
[
wS(1) wS(2) −
1
3wS
2
(1)
1 13wS(1)
]
The reader can also check this equality directly by the Pieri rule (5.2).
Remark 7.5. In the ordinary case, the above two propositions coincide since S(r) = cr(Q).
In general, they are different formulas, reflecting the fact that wS(r) 6= cr(Qw).
7.3. A presentation of H∗(Gr(d, n)). We conclude by giving a presentation of the ordi-
nary cohomology ring of the weighted Grassmannians wGr(d, n) over Q, in terms of Chern
classes. It is a well-known fact that H∗
T
(Gr(d, n)) is generated by cTi (S) and c
T
j (Q) as a
Q[b]-algebra and the relations are given by
cT(S)cT(Q) = cT (E), i.e.
r∑
i=0
cTi (S)c
T
r−i(Q) = (−1)
rer(b1, . . . , bn).
Therefore, by
f
∗(bi) = f
∗
w(b
w
i + (wi/u)c
Tw
1 (Sw)),
we have
r∑
i=0
cTwi (Sw)c
Tw
r−i(Qw) = c
Tw
r (Ew) = (−1)
rer
(
bw1 + (w1/u)c
Tw
1 (Sw), . . . , b
w
n + (wn/u)c
Tw
1 (Sw)
)
.
By setting bwi = 0, we find that
(7.3)
r∑
i=0
ci(Sw)cr−i(Qw) = cr(Ew) = (−1)
r(c1(Sw)/u)
rer(w1, . . . , wn).
Thus H∗(wGr(d, n)) is generated by ci(Sw) and cj(Qw) with the relation (7.3). Therefore
Proposition 7.6. We have the following graded ring isomorphism
H∗(wGr(d, n)) ∼=
Q[c1, . . . , cd, c¯1, . . . , c¯n−d]( ∑r
i=0 cic¯r−i = (−1)
r(c1/u)rer(w1, . . . , wn), r = 1, · · · , n
)
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where c0 = c¯0 = 1, ci = 0 if i > d and c¯j = 0 if j > n− d.
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